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Abstract 

In a previous paper [T we constructed wave functions of a D-instanton and vertex 
operators in type IIB matrix model by expanding supersymmetric Wilson line operators. 
They describe couplings of a D-instanton and type IIB matrix model to the massless 
closed string fields respectively and form a multiplet of D = 10 J\f = 2 supersymmetries. 
In this paper we consider fermionic backgrounds and condensation of supergravity fields 
in IIB matrix model by using these wave functions. We start from the type IIB matrix 
model in a flat background whose matrix size is (N + 1) x (.N +1), or equivalently the 
effective action for (N + 1) D-instantons. We then calculate an effective action for N D- 
instantons by integrating out one D-instanton (which we call a mean-field D-instanton) with 
an appropriate wave function and show that various terms can be induced corresponding 
to the choice of the wave functions. In particular, a Chern-Simons-like term is induced 
when the mean-field D-instanton has a wave function of the antisymmetric tensor field. A 
fuzzy sphere becomes a classical solution to the equation of motion for the effective action. 
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We also give an interpretation of the above wave functions in the superstring theory 
side as overlaps of the D-instanton boundary state with the closed string massless states 
in the Green-Schwarz formalism. 
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1 Introduction 


Type IIB (IKKT) matrix model has been proposed as a nonperturbative formulation of 
superstring theory of type IIB [2|. As an evidence for the nonperturbative formulation, the 
Schwinger-Dyson equation of Wilson lines is shown to describe the string field equation of 
motion of type IIB superstring in the light-cone gauge under some plausible assumptions 
about the continuum limit |3]. Although there are still many issues to be resolved, the 
model has an advantage to other formulations of superstrings that we can discuss dynamics 
of space-time more directly 00EUI1. The action of the model is given by 



( 1 . 1 ) 


where (p = 0, • • ■ ,9) and ten-dimensional Majorana-Weyl fermion ^ are N xN bosonic 
and fermionic hermitian matrices. The action was originally derived from the Scliild action 
for the type IIB superstring by regularizing the world sheet coordinates by matrices. It 
is interesting that the same action describes the effective action for N D-instantons jBj. 
This suggests a possibility that D-instantons can be considered as fundamental objects 
to generate the space-time itself as well as the dynamical fields (or strings) on the space- 
time. The bosonic matrices represent noncommutative coordinates of D-instantons and 
the distribution of eigenvalues of A M is interpreted to form space-time. The fermionic 
coordinates ^ are collective coordinates associated with broken supersymmetries of D- 
branes but in the matrix model interpretation they describe internal structures of our 
space-time. 

If we take the above interpretation that the space-time is constructed by distribution of 
D-instantons, how can we interpret the SO(9, 1) rotational symmetry of the matrix model 
action? This symmetry can be interpreted in the sense of mean-field. Namely we can 
consider that the system of N D-instantons is embedded in larger size (N + M) x (N + M) 


matrices as 



( 1 . 2 ) 


MD(—1) as background for ND(— 1) J ’ 


and consider the action EH) as an effective action in the background where the rest, M 
eigenvalues, distribute uniformly in 10 dimensions. If the M eigenvalues distribute inho- 
mogeneously, we may expect that the effective action for N D-instantons is modified so 
that they live in a curved space-time. This is analogous to a thermodynamic system. In a 
canonical ensemble, a subsystem in a heat bath is characterized by several thermodynamic 
quantities like temperature and pressure. Similarly a subsystem of N D-instantons in a 
“matrix bath” can be considered to be characterized by several “thermodynamic quanti¬ 
ties” in a certain large N limit. 

Since the matrix model has the J\f = 2 type IIB supersymmetry 



(1.3) 
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we can expect that the configuration of the M background D-instantons describes conden¬ 
sation of massless fields of the type IIB supergravity and the thermodynamic quantities of 
the matrix bath are characterized by the values of the condensation. 

In the following, we consider the simplest case that the background is represented by 
a wave function of one D-instanton (namely M — 1 with an appropriate wave function 
introduced). This simplification can be considered as a mean-held approximation that the 
configuration of M D-instantons is represented by a mean-held wave function described by 
a single D-instanton. We call this extra D-instanton a mean-field D-instanton. This 
kind of idea was hrst discussed by Yoneya in |9]. In the previous paper [I] , we constructed 
a set of wave functions for the mean-held D-instanton. This wave functions have a stringy 
interpretation, namely, as we see in this paper, they can be interpreted as overlaps of 
D-instanton boundary states with closed string massless states. 

In this paper, we calculate the effect of the mean-held D-instanton on the TV D- 
instantons. We hrst start from the IIB matrix model with a size (TV + 1) x (TV + 1), 
or equivalently a system of (TV + 1) D-instantons, and integrate the mean-held D-instanton 
with an appropriate wave function. This corresponds to condensation of supergravity helds 
and the effective action for the TV D-instantons is modified. We particularly consider two 
types of wave functions, namely those describing an antisymmetric tensor held or a gravi¬ 
ton held. In the former case, a Chern-Simons like term is induced in the leading order of 
the perturbation. (This term vanishes if we assume that the TV D-instantons satisfy the 
equation of motion for the original IIB action.) With this term, a fuzzy sphere becomes a 
solution to the equation of motion. This phenomenon is similar to the Myers effect EDI- 
In both cases for the antisymmetric tensor held and the graviton, if we assume that the 
configuration satishes the classical equation of motion, the modification of the effective 
action is given by a vertex operator for each supergravity held. 

The content of the paper is as follows. In the next section, we review the results of the 
previous paper [X] on the wave functions of a D-instanton and the vertex operators for closed 
string massless states in IIB matrix model. In section 3, we give a stringy interpretation of 
the D-instanton wave functions as overlaps of D-instanton boundary states with massless 
states of the closed string. In section 4, we calculate the one-loop effective action in general 
fermionic backgrounds. In section 5, we apply this calculation to a system of (TV + 1) D- 
instantons and integrate the mean-held D-instanton to obtain an effective action for the 
rest TV D-instantons. We particularly consider the wave functions of the antisymmetric 
tensor held and the graviton held. We summarize our results in section 6. In appendix, 
we review the boundary states in the Green-Schwarz formalism. 


2 Wave functions and Vertex operators 

In this section we summarize our previous results on wave functions for a D-instanton and 
vertex operators in type IIB matrix model. Wave functions are functions of a d = 10 
coordinate (or its conjugate momentum) and d — 10 Majorana Weyl spinor and contain 
information on the couplings of a D-instanton to the closed string massless states. Their 
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physical meaning in superstring theories will be clarihed in the next section. On the 
other hand, in the matrix model, interactions corresponding to the supergravity modes are 
induced as quantum effects and their couplings to these modes are described through the 
vertex operators. 


2.1 Supersymmetric Wilson line operator 

The degrees of freedom of a D-instanton are described by its coordinate, a ten-dimensional 
vector Dp and a Majorana-Weyl fermion A, and thus information of its state is encoded in 
functions of y M and A, that is, wave functions. Here we give wave functions corresponding 
to the supergravity modes in the form of fA(X)e~ tk ' y with a momentum k, where the index 
A specifies each mode. Wave functions are defined to form a multiplet of the following 
d = 10 Af = 2 supersymmetry transformations 


<5 (1) /(A) = [ei«i,/(A)] = £,|y(A), 
<5 (2) /( A) = fefe/(A)] = (£ 2 ^A)/(A), 


( 2 . 1 ) 

( 2 . 2 ) 


where e* (i = 1, 2) are the Majorana-Weyl spinors. 

The Majorana-Weyl fermion A contains 16 degrees of freedom and there are 2 16 inde¬ 
pendent wave functions for A. To reduce the number, we impose the massless condition 
for the momentum k; k 2 = 0. Then, since ft A in (12.21) has only 8 independent degrees of 
freedom, the supersymmetry can generate only 2 8 = 256 independent wave functions for 
A. They form a massless type IIB supergravity multiplet containing a complex dilaton <I>, 
a complex dilatino <h, a complex antisymmetric tensor B pu , a complex gravitino a real 
graviton h lw and a real 4th-rank self-dual antisymmetric tensor A llupa . A physical meaning 
of the wave functions in string theories is given by using boundary states of a D-instanton 
in section 3. 

Vertex operators k ) covariantly transform under the following Af = 2 super¬ 

symmetry of the IIB matrix model, 

' “ .. (2-3) 


5d ^ = --[A lti A v \T^ 


S {2) A P = 0, 
5 (2 V = € 2 l n- 


We denote the generator of 5^ (i = 1,2) as Qi (i = 1,2), respectively. Since the Af = 2 
supersymmetry algebra closes only on shell, in this section we assume that the N x N 
matrices A p and if} satisfy the equations of motion for the IKKT action (ED, 


K, K, a,]] - - (r 0 rj^ {v«, M = o, 
r<.(2i„,^]=o. 


(2.4) 

(2.5) 


In order to construct vertex operators systematically, we start from a supersymmetric 
Wilson line operator first introduced in CH for the IIB matrix model; 


u(C) = tr]J 


gAjQig iekj ^ XjQ\ 


( 2 . 6 ) 
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Since we are interested in the massless mnltiplet, we here consider the simplest straight 
Wilson line operator with a global momentum k\ 

u{ A, k ) = e XQl tre ikA e~~ XQl . (2.7) 

Here, though the Majorana-Weyl spinor A is a parameter of the supersymmetry transfor¬ 
mation, it is eventually interpreted as a fermionic collective coordinate of a D-instanton. 

This supersymmetric Wilson line operator u(X,k) is invariant under simultaneous su¬ 
persymmetry transformations for N x N matrices and the parameters (A, k) as 

[eiQi,u(\, k)] - [eigi, u(X, k)] = 0, (2.8) 

[^2^2) ^(A, k)] — [62^2, &(X, A;)] = 0. (2-9) 

By expanding u(X,k) in terms of the wave functions for A, which are constructed in the 
manner stated above, as 


cn(A, k) = Y, /a( A) V a (A„ k), (2.10) 

A 

it is understood from eqs. (ZED and (EHD that Va(H m ,-0; k) correctly transform under the 
AT = 2 supersymmetry. Therefore VA(^4 /i ,'0; k) can be regarded as candidates for the 
vertex operators. Indeed it will be shown explicitly in section 5 that a system of N D- 
instantons couples to the supergravity modes through these vertex operators. 

2.2 Wave functions of a D-instanton 

We here summarize our results of the wave functions for the massless multiplet and their su¬ 
persymmetry transformations. In constructing wave functions which transform covariantly 
under the supersymmetries, we first assume that the dilaton wave function is proportional 
to exp (—ik ■ y), namely /n(A) = 1. It is annihilated by the supersymmetry transformation 
qi. Then the other wave functions can be determined by supersymmetry transformations. 
For more details, see pQ. 

By defining a fermion bilinear as b^ = k^XT^^X, the supersymmetry multiplet of the 
wave functions is given as follows; 


• dilaton 




<£(A, k) = 1, 

(2.11) 

• dilatino 




$(A,fc) = ft A, 

(2.12) 


• antisymmetric tensor held 

Bfj,v(X, k ) 2^V(A), 


(2.13) 
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• gravitino 


(2.14) 


• graviton 

V( A > fc ) = ^VV( A )> (2.15) 

• 4-tli rank self-dual antisymmetric tensor field 

Afjupai^i k) — ~ 32(41)2 ( A )j (2-16) 

• gravitino (charge conjugation of (12.141) 1 

k) = -^%aA^MA), (2.17) 

• antisymmetric tensor field (charge conjugation of (12.141) 1 

A), (2.18) 

• dilatino (charge conjugation of (12.12(1 ) 

<h c (A, k) = ^KT^Xb^b^X), (2.19) 

• dilaton (charge conjugation of (12.111) 1 

4>C(A ’ k) = sTsiV 6 /W(A). (2.20) 

In these expressions we have chosen a specific gauge for each wave function. These wave 
functions can be interpreted as overlaps of D-instanton boundary states and closed string 
massless states as we will see in the next section. In the usual convention of superstrings, 
the first dilaton mp corresponds to a wave function of (dilaton +i axion) and the second 
one < mp corresponds to (dilaton —i axion). The other complex fields also have the same 
structure. 

The supersymmetry transformations (EH Q lead to the following transformations 
between these wave functions; 
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SB^ 


Sh 


fllS 


5A 


HVpCT 


5T 


C 


5$ c 


' 24 

—£l T nv& + 2 f (f^T^dC] + k[nA-v])i 

^ [9T vp e 1 H IJ1/p - T pupa eiH vpa ] + l -T vp k p h pv e 2 
+4^y rP1 " p5 r ‘^ 2 F P1 ... P6 + k P i, 

~ (4!) 2^P^] _ 

ryl'" 1 " 7 ''1 ,,f i I'pvpr, 

+ 2T4 ~ T ^ H U + 

2i(eiT[p^l] + — e 2 r^$ c , 

_^r^ ei ^ p + ^ 2 $ c , 

6l$ C , 


( 2 . 21 ) 


where £, £ c , £ M , ^p, A p and A p are gauge parameters. H pup ,H pup and F Pl ... P5 are the field 
strengths of and A pvpa , respectively. This supersymmetry transformation is the 

same as that in H2 up to normalizations. 


2.3 Vertex operators 

Construction of the vertex operators can be done systematically by expanding the super- 
symmetric Wilson line operator in terms of the wave functions Ja (A) given in the previous 
subsection. In section 5, we will show that these vertex operators indeed describe couplings 
of type 11B matrix model to the supergravity modes. The derivation itself is systematic 
but the complete calculation is cumbersome. Partial results were obtained in El- More 
complete analysis was given in [T] b The results are as follows. 

• dilaton 

V 9 = tr e ik-A, ( 2 . 22 ) 

• dilatino 

V* = tr e ik ’ A p, 


1 Similar calculations were performed in the BFSS matrix model in m and nn 


(2.23) 









antisymmetric tensor field 


K = Str '-{A,,, A„]\, (2,24) 

• gravitino 

V* = Stre^i-^nfW)- 2 ^.^])-^', (2.25) 

• graviton 

V£ = 2 Str e ikA l{A p , A"} ■ [A,, A„] + ^ • T {l \A p) ,i>} - '-k*i ■ ■ [A„ h A’} 

■ $ • r„„V>)|, (2.26) 

• 4-th rank self-dnal antisymmetric tensor field 

f _ 3 i _ 

V^upa = ~i Str elk ' A | F [^ ■ F P°] + c-0 • T [pup [Aor ], V»] - jc/c A -0 • Ta^-0 • F pa] 

' r a^) ■ (V 5 ■ r p(T]r ^)}, (2.27) 

where c = —1/3. We fixed the valne of c by another calculation (See Section IV-E in 

HI)- 

Hereafter we write down only the leading order terms of vertex operators. 

• charge conjugation of gravitino 

v®“ = Str e itA f[A„, A„\ ■ [A„, A„] ■ T"’T^ + ^ ■ T P [A„, <P] ■ , (2.28) 

• charge conjugation of antisymmetric tensor held 

Str e ik ' A ([A^, A p ] ■ [A p , • [A a: A v \ - i [A p , A v \ ■ [A p , A"] • [A a , A,]) , (2.29) 

• charge conjugation of dilatino 

V = Str e ikA | ([.4„. .4„] ■ {A k , 4"] • (.4,,, .4„] - j[.4„. A u ] ■ [A", A”] ■ [.4„. .4,,]) ■ P“'r; 

• [A„,AJ ■ {A x ,A t } ■ T^ Xt A , (2.30) 
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charge conjugation of dilaton 


^ = Str e ik A i [A p , A v \ ■ [A u , A»] ■ [A p , • [A°, A"} 
-±[A lt ,A v ].[A'',A'>].[A p ,A ir ].[A*,A'] 

+[4r,4J • \ A ^ A p\ ■$T*T v p. [4r,V>]}- ( 2 . 31 ) 


Str means a symmetrized trace which is defined by 

Str e ikA B 1 ■ B 2 ■ ■ ■ B n = [ dh f dt 2 --- f dt n ._i 

J 0 J t\ J tn — 2 

xtr e ik ' Atl Bl e ik - A te-ti) B2 . • • e ifc-A(t n _i-t n - 2 )_ Bn _ ie *fc-A(i-t B _ 1 )_ Bn 
+ ( permutations of B^s (i = 2, 3, • • • ,n) ). (2.32) 

The center-dot on the left hand side means that the operators Bi are symmetrized. In 
the first term in (EH3), for example, B x and B 2 correspond to [A^^Ap] and \A v ,Af\, re¬ 
spectively. See the appendix of fl] for various properties of the symmetrized trace. For 
notational simplicity we sometimes use Str also for a single operator like Str ( e lk A B ) which 
is equivalent to the ordinary trace. 


3 Stringy Interpretation of Wave Functions 

In this section we show that the wave functions obtained in the previous section can be 
interpreted as overlaps of D-instanton boundary states and closed string massless states in 
the Green-Schwarz formalism of type IIB superstring. The ordinary D-instanton is known 
to be coupled only with the dilaton and the axion states m and becomes a source for 
these closed string modes only. But the D-instanton is a half-BPS state and breaks a 
half of the supersymmetries and we can construct a supersymmetry multiplet by acting 
broken supersymmetry generators successively on the simplest D-instanton boundary state. 
Namely the D-instanton has an internal structure and these multiplet states are coupled 
also to the other closed string massless states such as gravitons or antisymmetric tensor 
fields. Hence they become a source for these fields, although the couplings contain higher 
derivatives. Such internal structures of D-branes were discussed in various papers Hum 

In the following, we show that the wave functions in the previous 
section are nothing but overlaps of such D-instanton boundary states with the closed string 
massless states. 

We adopt the Green-Schwarz formalism of type IIB superstring and take the light-cone 
gauge. Our notations and brief summaries of a construction of boundary states in the 
Green-Schwarz formalism are given in the appendix. Definitions of the supercharges and 
a boundary state for the D-instanton are obtained by setting 


T] + 1 , Mij Sij , -M a b S a b 5 


( 3 . 1 ) 



in the corresponding equations in the appendix f (lA.45l) - (IA.65l) h 

The type IIB superstring has J\f = 2 supersymmetries with 32 supercharges. A bound¬ 
ary state for the D-instanton is defined by the boundary conditions in eas. (1A.45I) - (1A.47I) 
with (13.111 . 


d a X' l \B) = 0, 

Q +a \B) = 0, 

Q +h \B) = 0, (3.2) 


and a solution of these conditions is given in ea. dA.60H as 


| B) = e^-'" >0 


K n UL —n UL — n LO — n° — n 


Bo), 


(3.3) 


where S'® and S'® are fermionic modes and a l n and a l n are bosonic modes of the type 11B 
superstring. From ea. dA.61ll . the zero-mode part becomes 


Bo) = C(|;)|i) - i|a)|d)), 


(3.4) 


where C is a normalization constant. The D-instanton boundary state preserves a half of 
supersymmetries Q +a and Q +a , and breaks the other half Q~ a and Q~ a which are defined 
in dA.64H and ()A.65j) . The broken and unbroken supercharges satisfy the algebra 


w + “,£r 6 } 

w + “,qA 

{<3 +i , Q- b } 
{« +i , Q- b } 

The other anticommutators vanish. 


4 p + 6 a b, 

2V2 7 >‘, 

2 (P~ + (3-5) 


3.1 Coupling of D-instanton boundary states to supergravity 
modes 

States obtained by acting the broken generators Q ~ a , Q~ a on the D-instanton boundary 
states couple to the supergravity modes. Here we concentrate on massless modes and 
ignore massive excitations. 

The zero-mode part of the boundary state of the D-instanton is given by 

l 1 ^ -1 )) = 71 (!*>!*> “ *!“)!“)) ’ ( 3 - 6 ) 

where we set the normalization constant C = l/\/2 for simplicity. This state couples to a 
linear combination of the dilaton and axion, 

|$) = -b(| i )| i )_ i | A )| d) ). (3.7) 
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The coupling is given by 


<$|B(-1)) = 1. (3.8) 

Acting the broken charge A a Q~ a on \D(— 1)), we obtain the fermionic state 

\‘Q~°\D(-1)) = (\a)\i) - i\i)\a}) . (3.9) 

This couples to the following linear combination of dilatino states 

l^a) ~ Vp+fad (|a)l*> - *l*)|a)), (3T0) 

and the coupling is given by 

($ a \\ b Q~ b \D(-l)) ~p + \ a . (3.11) 

The normalizations of states for the supergravity modes are fixed so that the supersym¬ 
metry transformations of them satisfy eqs. rah 

By further acting the broken supersymmetry charges, we can construct the following 
state 


A ai A a 2 Q" ai Q- a 2 |T>(-l)) 

= 2^p + 7« ias A“'A“>|i)|j) - V~2ip+ ~ V‘A“>|a)|f.). (3.12) 

This state couples to the antisymmetric tensor field B^ u , 

\ B H) ~ l*)b') - \M) ~ ^72,|a)|6). (3.13) 

The coupling between these states is given by 

(B«|A«A“'Q-“*Q-”|D(-1)) ~ p + ( 7 «„A»A“). (3.14) 

Since the coupling contains momentum p + , the boundary state to has a derivative¬ 
coupling to the antisymmetric tensor field. 

The state multiplied by three broken charges is given by 


A ai A a 2 A a 3 Q- ai Q- a 2 Q- a 3 |T>(-l)) 


= ( 2 P + ) 


^ . 'yj'*' -]-. 

'aia la,2az ^ l a \b 


^ . ryJ . 

' a 2a ' a^b ' a 3 a 0,2b 


A ai A“ 2 A“ 3 (|a)|i) + i\i)\a)). 

(3.15) 


This state couples to a linear combination of gravitino states 




|a)|i) + i|i)|a) - -7W 


bb 


i) + Ai)\ b ) 


(3.16) 


ffence the coupling between the boundary state (13T5D and the gravitino state (13.1611 be¬ 
comes 


(<pf|A“‘A»A“>0-“'0-“>Q-»|D(-l)) ~ (p+)Vi„ A“‘ (tS„,A“ 2 A“) . (3.17) 
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A boundary state which is obtained by acting four broken generators on \D(— 1)) be¬ 
comes 


X ai ■ ■ ■ X a4 Q~ ai ■ ■ ■ Q~ a4 \D(-l)) 

= 8V2 (p+) 2 [(7S„A-A») (7^A“»A“) |i)lj> 


h7S« 1 A“»A‘“) (7t 4 y„ ai A“'A”)|o>|(,>^ . 

(3.18) 


This state couples to the graviton state 

I hj) ~ \i)\j) + \i)\j) ~ ^Sij\k)\k), (3.19) 

and its coupling is given by 

(h,,\X« ... A «Q-« ■ • ■ Q-“‘|D(-1)) ~ (p+) 2 (7S„A“A») (7.1« 1 A“A“*) . (3.20) 


The coupling contains two derivatives. 

We can similarly construct states by acting more broken supersymmetry generators. 
They couple to the other massless states of type 11B closed string through derivative 
couplings 2 * . 


3.2 Wave functions with light-cone momentum 

In order to compare the wave functions of the mean-field D-instanton in section [TU to the 
results in the previous subsection, we take the light-cone momentum and rewrite the wave 
functions in section 12.21 

Let us take the frame where the momentum is represented as 

AT = (A, 0, • • • , 0, A), (3.21) 

namely, only the k + component is non-vanishing. Then the following relations hold: 

jt = e (T 0 + r 9 ) = —E (r° - r 9 ) = -V2Er- 
fkX = 2iE (A a , 0, — A a , 0) T , 
hi = 4 E PSaW) , = 4\/2E PLAW) , 

b i+ = 0. 

2 Note that both of Q~ a and Q~ a have the same structure — iS§ in the zero-mode part. Hence as 

long as the massless closed string states are concerned, it is sufficient to consider only one of those two 

generators, namely X a Q~ a . 
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By using these relations, transverse components of the wave functions in section I2~21 become 


$ = 1 , 

4> = 2iE(A“,0, — A“,0) t , (r n i = +l>i 
Bij = ~2E ( 7 «A“A‘) , 

*< = 4iB 2 ( 7 «AW)(0,-y ia A“,0,y to A“) T , 

hi, = \e 2 (tSW) (t^AW) , 

(3.22) 

They are the same as the overlaps in the previous subsection with the identification p + = 
V2E, up to normalizations. Hence we have shown that the wave functions of the mean-field 
D-instanton represent couplings of a supersymmetry multiplet of a D-instanton to closed 
string massless states. 

3.3 Fermionic coherent state of D-instanton 

So far we have constructed boundary states by acting a fixed number of broken super- 
symmetry generators on \D(— 1)) so that they form an ordinary set of a supersymmetry 
multiplet. In order to see the above interpretation more systematically, we construct a 
fermionic coherent state by acting the unitary operator exp(— X a Q~ a ) on \D{— 1)); 

| A) =exp(—A a Q-“)| J D(—1)). (3.23) 

Due to the commutation relations m, this state satisfies modified boundary conditions 

Q +a |A) = 4p+A a |A) (3.24) 

Q+iA) = 2V2p'7‘,,A“|A}. (3,25) 

In the IIB matrix model, the bosonic coordinates are interpreted as the coordinates of 
space-time. From the consideration here, the fermionic coordinates can be interpreted as 
the fermionic parameters which bestow an internal structure on the space-time constructed 
from the bosonic coordinates. 

The wave functions for the mean-held D-instanton can be written as 

Sa{ A) = (A\X), (3.26) 

for each supergravity state A. In the previous subsection, this relation has been shown 
separately for each state |H) up to normalization. It can be understood more directly 
as follows. When the momentum k is taken as (ED) , the supercharges qi and q 2 for a 
D-instanton, m and (Q, have the following forms, 

q i = <72 = 2iEX a , (3.27) 
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and satisfy the algebra 

{g“, q^} = ZESab, others = 0. (3.28) 

On the other hand, as far as massless states are concerned, this algebra is equivalent to 
the ones among the supercharges Q ±a and Q ±a with p 1 = P~ = P~ = 0, eq. (18. 5 j) . Actually 
actions of on the wave functions (ElZED can be regarded as insertions of Q a and Q +a 
which act on the massless state of the supergravity modes |A) as follows, 

iVa( A) = -i JyVA) = * «^l Q~ a ) |A), 

<Z 2 “/a(A) = 2«A“/a(A) = «A|Q+“) |A), 

where we have used eqs. QOH) and (ET251) . ffence a construction of the supergravity multi- 
plet by acting Q ±a on the closed string massless state (A| corresponds to the one by acting 
on wave functions Ja (A) and the wave functions we constructed describe the (derivative) 
couplings between a D-instanton and various supergravity modes. 

4 One-loop Effective Action 

In the latter half of the paper, we discuss condensation of massless supergravity fields in 
type IIB matrix model. We consider a matrix model of size ( N +1) x (N +1) and integrate 
over one D-instanton with the wave functions given in section 2. In this way, we can obtain 
a modified effective action in a weak supergravity background of N D-instantons. 

In this section we first give a systematic evaluation of the one-loop effective action with 
general fermionic backgrounds. The results were partly given in [24 and |25j . Similar 
calculations were performed in the BFSS matrix model in [Qj. Since we are interested in 
condensation, we do not use the matrix model equation of motion in this section. 

We start from the type IIB matrix model with a size (N + 1) x (N + 1) and write 
(N + 1) x (N + 1) bosonic and fermionic hermitian matrices as A'^ (/j, — 0 , • • • , 9) and ip'. 
We then decompose them into backgrounds (X M , <f>) and fluctuations (a M , ip) around them 
as 


A'n — Xn + a M , 

i/j 1 = $ + ip. (4-1) 

In order to perform perturbative calculations, we fix a gauge and add the following terms 
to the action (O), 

Sg.f.+ghost = -tr Q [X», a,} [X v , a v \ + [X^ b\ [A'», c]) , (4.2) 

where c and b are ghost and anti-ghost fields respectively. Substituting the decompositions 
EU) into the action EH) and E2b we obtain the following expression up to the 2nd order 
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of the fluctuations, 


SlKKT + Sg.f .+ ghost 


Sikkt(X, 4>) - itr (a" [X\ [X v , a# J] + 2a M [[X**, X"] , a,]) 
-^tr [X M , 93 ] - tr $r Al [a M , 93 ] + tr b [X M , [X M , c]] 


Sikkt(X, <£>) + -tr a /t I b, lv X 2 + + ‘hr 


T-X 


-r, y $ a 


_I tr ^ (i 

+tr &X 2 c + higher orders, 


r-x U3 + 


r-x 


r v cij/, $] 


(4.3) 


where we defined F^ = [X M , X„], T-X = r^X^ and denoted the adjoint action of a general 
operator O as OS = [O, S']. Then the one-loop partition function of the 11B matrix model 
becomes 


Z(X,<f>) = [ da„d(pdbdc e~( SlKKT+Ss f +ghost ) 


e -S IKKT {X,*) det -\ ( S ^2 + 2 p j)v + |p 


xdeU { (x 2 + ]x ijv F iiv 


flU 

1 + r n 


r-x 

det (X 2 } . 


-r,/i> 


(4.4) 


Thus the free energy is given by 


F(X,<h) 

F b 


Ff 


- In Z(X, 4>) = S IK kt(X, 4>) + F b + F f , 
-Tr In (^X 2 + 2 F^j - -Tr In (x 2 + 
-Tr In X 2 , 


—Tr In 
2 


+ 


X 2 + 2 F 




pp 


r-x 


r„$ 




(4.5) 


(4.6) 

(4.7) 


where Tr is the trace of the adjoint operators. 

We first expand Ff formally with respect to the inverse powers of X. To this end we 
use the following formulas, 


1 

X 2 + 2 F 
1 

r-x 


where 


1 + ^TX 2 ’ 


1 + TT r ' F X 2 


r-x 


-- y —^ir • x + -r • x-1 

2l + X r .fX 2 2 1 + Xf-FX 2 


2 .Y 2 


r-x ) 2 = x 2 + ir-T, 


(4.8) 

(4.9) 
(4.10) 


(4.11) 
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and T • F = T jW F lw . In the following we expand the free energy with respect to 1/A". Since 
the leading part of A" is a distance between N D-instantons and a single D-instanton, 
this expansion is valid when the single D-instanton is far separated from the other N 
D-instantons. 


4.1 Second order terms of $ 

First let us focus on the terms with two fermions. As is seen in section 5, these terms 
are relevant for condensation of the antisymmetric tensor field. After using eqs. (EED and 
dump , the second order terms of the fermionic background $ are given by 


= -Tr 

$2 4 


1 + £FJ X 2 


-<FT 


,-(r • x) 

1 +A-t-fx 21 1 


2X 2 


l + lh F )^ X2 


r • x 


- y — 

i + A.r-xx 2 


(4.12) 


We now expand the effective action with two <f> ’s dm with respect to 1/A". 


4.1.1 A" 3 

The leading order starts from 1/A 3 and is given by 


-Tr 

4 


(r • x) r„<l + i$r, ( (r ■ x) 

x 2 a 2 V / M a 2 V ) ^ X 2 


= -2 Tr —r, 


A,/I> 


A 2 A 2 

This is proportional to the equation of motion for the fermion. 


(4.13) 


4.1.2 A -5 

The next-to-leading order is proportional to 1/A 5 . At this order we have the following 
terms, 


-Tr 

4 


2 ~ \ 1 - If ~\ ~ 1 = 

A 2 ^ A 2 A 2 V ) M A 2 M 


—Ur • f) J- (r-A)r„$ 

2 A 2 ) A 2 


A 2 


A 2 


—F lw ) —(r ■ a ) — r u $ + — $r u (r ■ a 


a 2 


A 2 


1 -r ■ f] 


2A 2 


A 2 


(4.14) 
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After some calculations, these terms are rewritten as 


—Tr -=—F UI/ -=—<&^=—V ■ T p 

2 VO ^ p 


—Tr 


X 2 

+T r -J— T, 


/ZZ/ 


X 2 X 2 

1 iJ-r„x„l> -Tr 



1 

1 ~ 1 

" ~ ^ ■ 

x„, $ 

-Tr 

_ F _ 

$, x p 

r ’ 

2 

X 2 ^X 2 

’ P 


r„ ■ 

p pis 


1 


X 2 X 2 


is^*-p - 


X 2 M "x 2 X 2 
Tr 

X 2 M X 2 M x 2 


-4>^r„$x„ 


_ au 

X 2 F A 2 A ' 2 


(4.15) 


The first two terms are proportional to the equation of motion. It is noted that the terms 
in the second and the third lines vanish if X /t is replaced with (i /t . Here (J /t is a vector 
directed to the center of the N D-instantons from the single D-instanton. Therefore these 
terms are actually 0(dr & ) in the 1/d expansions. 


4.1.3 X " 7 

The terms of the order X~‘ are given by 


-Tr 

4 


X 2 


X 2 


vp 


1 - 


—f^ l [ —F™ l —$r„— (r • x) r„4> 


X 2 "X 2 


+ £Mdk-*)(dk-*)]M r -*) r ' 4 

+ ( -2-fX J-ir„ ( -L-r • f] J- (r • x) 

Vx 2 M J x 2 \ 2 X 2 ) x 2 v J 11 

+ (Jx) 

+ iM r X (w* T - p ) (dMiX 4 

+ fiir\, (r ■ x) ( -Lr ■ f) -Lr^ . 
vx 2 XX 2 v ) V 2 X 2 ) X 2 M J 


(4.16) 
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These are rewritten as 


-Tr —F — <£>—F — T 

4 X 2 ^ A 2 A 2 pa ’ >0 pi/pa 


X 2 

+Tr -^-Fnv-^-Fvp-^—^-^- r, tp r 
X 2 9 X 2 X 2 X 2 99 

—Tr -=-Y p X p , $ 

—Tr T 1 ^^—Tp 

2 ^2 ^ x 2 X 2 9 X 2 P 

—Tr -^— F uu -^- F„ ff -^X^TT (i „ CT 

2 TA9 ^ TA9 P a -5A9 ^ PP U 


X A ,$ 

AT, $ 


+ Tr — F —F — [$ A 

x 2 pv x 2 vp X 2 L ’ CT 

T r - F - F — 

x ' ~ ~ ± n.iy ~ _ -*■ i//i, ~ _ 


r^r ppj£ 2 ® 


x 2 9U x 2 


X 2 


®,X P 


r 

p x 2 


Y2 p x 2 Y 2 

-Tr -^- F UI/ -^-TY -^— 4>T 
2 X 2 > lV X 2 P° X 2 


A% <E> 
1 

A 2 


<£>-Tr — F UP —F oa —X a $T uvo —$ 

2 X 2 9 X 2 9 X 2 99 X 2 


fiver 


X 2 ^ X 2 X 2 

J-$Ap - -Tr J-F hi/ -J- TY J-$T 
A 2 P 2 A 2 M A 2 P A 2 


i/pCT 


A 2 


-4>A„ 


--Tr J-4> J-F„ CT J-ATT, W(J <£> 

2 VO ^ 1X0 1X0 P a 1X0 ^ PP G 


—Tr -=— F,, „ -=— ( I> A„ -r=— F nrr -=— I ’ 
A 2 ""A 2 A 2 A 2 . ' ‘ ' 

1 ~ 1 ~ 1 = 1 ~ ~ 1 - 1 - 1=~1 
+2Tr —F„ v —F vp —$—T p A„$ + 2 Tr — F WI/ —Fp P —$A P —T M $ 
A 2 9 X 2 9 X 2 A 2 P A A 2 9 X 2 9 X 2 9 X 2 9 


$ 


—Tr 


1 


A 2 ' 

1 


A 2 ' 

1 


A 2 

1 


-$r, 


A 2 


-TA„ + Tr 


A 2 ' 


-$r. 


A 2 


-$A„ 


A 2 K A 2 

Tr — F —F —X i>r J-4> 

X 2 x 2 Y 2 P ''a 2 A 2 pu X 2 up X 2 9 9 X 2 

+Tr J-F PI/ J-l J-Fpp J-A p r„l> + Tr J-F„ p J-l>A„-!-TY J-T p <i. 

^ X^9 1^9 U P 1X0 P P 1X0 ^ T^9 P 1X0 -c^o P 


-Tr ^F UP ^F up ^X u $T p ^$ 

P w ixO U P ixO P P ixO 


A 2 A 2 A 2 'A 2 ' ' A 2 A 2 A 2 A" 2 

The first six terms vanish if the fermionic background satisfies the equation of motion 


(4.17) 
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4.1.4 X- 


Thc terms of the order X 9 are given by 


J-ir„ J- fr • f) J- fr • f) J- fr • f) J- fr • x) r M i> 
32 x 2 x 2 V / x 2 v / x 2 v / x 2 v ' 

iu 1 ^ 1 = 1 /„ ^ 1 /„ ,-x „ * 

—4>r n — 


r F 


r • x r„$ 


r ■ f 


r ■ f 


r • x r„$ 


2 X" 2 X 2 X 2 


;x 2 X 2 


fr • x) J- fr• f) J- fr • f) J- fr • f) -ir M $ 
32 x 2 v / x 2 V / x 2 V / x 2 V / x 2 


32 x 2 v ) 

ii- i - i 

'2W’"W‘"’T* 


$r„ r • x 


r ■ f 


; x 2 ^x 2 


$r„ r ■ x 


r ■ f 


r ■ f 


(4.18) 


4.2 Fourth order terms of 4> 

Now let us consider four-fermion terms. These terms are relevant for condensation of 
gravitons. The fourth order terms of $ are given by 


-4 Tr (1 + ^ x 2 * r "! + ^r. F x 2 ( r ' A ) r '* 

X G + vht+ ( r ' x ) IV ' i> ' 


(4.19) 


4.2.1 X 


The leading order term is proportional to 1/X 6 . The term of this order is given by 


--Tr J-ir„ J- (r ■ x] r„$ J-$r„ J- (r ■ x] r„$. 


x 2 p x 2 


x 2 x 2 


(4.20) 


18 



4.2.2 X" 8 

The next order terms are proportional to 1/A" 8 and given by 


--Tr 

2 




X 2 IW J X 2 


1 ir »j- 2 ( r ' *) I r • x ) r„* 


X 2 


-$r, 


2X 2 


-r ■ f 


x 2 


r - x r„$-^d>r„ 


X 2 X 2 


r ■ x)r p $ 


• (4.21) 


4.2.3 X 


-10 


The terms of the order 1/A" 10 become 


-Tr 


r ■ x r CT 4>-^$r CT -^ r • x 

X 2 P X 2 P X 2 P X 2 V / x 2 X 2 ' p 

* iir,, J-r A Jwir ar F CTT i ( r • x) r,/i>^$r„-X (r • x) r„$ 


- - f. w tt,,-;— r aT F ar r ■ x r p $-^<i>r p -^- r ■ x 

2 A" 2 X 2 A" 2 A" 2 V ) p X 2 X 2 1 1 


8 X 2 
1 1 

2 X 
1 1 

T 

1 

A 

+—Ir 
16 


r -^2 x ^ p ^ p 


A" 2 


X 2 A" 2 
1 s „ 1 


2 A" 2 ~ ^X 2 


4r„ 


i 

A2 

1 


1 

'X 2 
1 


T-X Tyh-^ddX-^ 

X 2 P X 2 
1 


r f 

x err- 1 - err 


X 2 


r-x r„$ 


r • x r p $-^F p<T ^$r CT ^ r • x r p $ 

X2 ; a 2 x 2 V / p x 2 x 2 X 2 ' ^ 


1 


r • X) r, J J-$r, 1 


_p p 

p ^ p * p y 2 V y 


T F 

err -*■ err 


1 

X 2 


r-x r„$ 


.(4.22) 


5 Condensation of the Supergravity Modes 


In this section, we discuss modifications of the effective actions for the IIB matrix model 
by condensation of D-instantons with appropriate wave functions. They correspond to 
condensation of massless type IIB supergravity fields. We here consider backgrounds pro¬ 
duced by a mean-field D-instanton. As we saw in sections 2 and 3, a D-instanton forms a 
supersymmetry multiplet by acting broken supersymmetry generators on the ordinary D- 
instanton boundary state. These states couple to the closed string massless states through 
derivative couplings and become a source for these fields. 

Now we write (X + 1) x (X + 1) matrices in the decomposition (14.11) as follows, 


x 7- _ ( *£/xljv T 0 \ 

V o vJ' 

a ' = (°t o' 1 ) 1 *’ = 



0 0\ 
V II J 


(5.1) 

(5.2) 


A p and are X x X traceless matrices. y p is a bosonic coordinate of a (mean-field) D- 
instanton. £ is a fermionic coordinate and a Majorana-Weyl spinor. They represent degrees 
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of freedom of the mean-field D-instanton. Off-diagonal components a^ and 0 are iV-vectors 
corresponding to interactions between the diagonal blocks, which we have integrated out at 
the one-loop order in the previous section. Hence the free energy (USD is a function of these 
diagonal components, F(X,$) = F(H, £,-0; ?/, £). By choosing wave functions fk{y,Q for 
the mean-held D-instanton and integrating over y, £, we can obtain a modified effective 
action S e ff(A,x,i/))fk ) by condensation of the massless modes; 

e ~Seff(A,x,ip;fk) _ 

In what follows, we mainly look at terms without fermionic matrices 0 and replace all 
fermionic variables by the D-instanton fermionic coordinate £. 


dydt, e- F ^*^f k (y,0- 


(5.3) 


5.1 Condensation of the dilaton 

In order to express condensation of dilaton in terms of the wave function of the mean-held 
D-instanton, we put fk(y,0 as 

d 10 k e iky f(k) (jlcj- (5-4) 

Then the £ integration is already saturated by the wave function. The leading contribution 
to the effective action is easily shown to be proportional to (the charge conjugation of ) 
the dilaton vertex operator EO . 


M y,0= f d 10 ke*-* f D (k,S)= I 


5.2 Condensation of the antisymmetric tensor 


We now calculate the effective action with an insertion of a wave function describing the 
antisymmetric tensor held B^ u . In the present calculation, the supersymmetry multiplet 
starts from the dilaton wave function and the other functions in the multiplet can be 
constructed by acting a derivative operator <9/<9£. 

By replacing A in eq. (12.1 hi) with dj <9£ and applying the differential operator on C) j 

we obtain the wave function for the antisymmetric tensor held; 


fB(y,0 


d w k e ik y f B (k, £) 

d 10 k e iky (C ,„{k)k p + Cu P (k)k, + ( P ,(k)k v 


d d 
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(5.5) 


where <0 iv {k) is a polarization tensor, (^(k) = —( Ufl (k). Since our SUSY algebra closes 
only on shell, fn(k, £) and /b(^, £) fall into the supergravity multiplet for the case k 2 = 0. 
Hereafter we, however, formally extend the wave functions to the off-shell and integrate 
over the whole momentum region. 
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5.2.1 Contribution at C(l/d 8 ) and Myers-like effect 


Let us first look at contributions from the second order terms of <f>. In these terms we can 
simply replace $ with £ and thus the terms of the order A" -3 and A -5 vanish. The terms 
of the order A~ 7 , eq. HHb become 


Fr 


F ^ u X2 Fpa X2 Xu 


1 

A 2 


/w 


X 2 


-AT 


1 

A 2 


pa 


A 2 


+F l 


/IV 


‘ ~ 1 ~ 1 ~ 1 ~ 

X _ F _h F _ F 

A 2 J " X 2 pcJ A 2 ^ X 2 pa 


A„J- 
X 2 A 2 


A 2 


F _ F _ X _i- F _A" _ F _ 

± pis \ I 1 pa v i L up ~ _ v s'^r. ± per 1 


pa 


A 2 A 2 


pis 


A 2 A 2 


pa 


A 2 


(5.6) 


We then expand these terms with respect to the inverse powers of d p = x p — y p . For 
example, 1/A^ 2 is expanded as follows, 


A 2 d 2 ' 1 


d-A 


+ 0[ d± 


(5.7) 


It is easily realized that the leading terms with 1 /d‘ vanish. The 1/d 8 term has the following 
simple form, 

_ 2d 8 F ^ F P a ' (5-8) 

The 1/d 8 dependence of the term indicates that the interaction is induced by an exchange 
of massless antisymmetric field. 

We then integrate over y p and £ with the wave function 115.51) in order to derive the 
effective action under condensation of the antisymmetric tensor field. In this calculation, 
we take our wave function (Q such that it damps at the infrared region where \y — x\ —» 
oo. Such a choice of wave function is natural from the view point of the dynamics of 
the eigenvalues in the matrix model. It was indeed shown that the distributions of the 
eigenvalues of A p are bounded in a finite region dynamically |3j. It is therefore natural to 
consider that the wave function damps far from the D-instantons. The size of the eigenvalue 
distribution is a function of N. If the eigenvalues are distributed on d-dirn hypersurface 
uniformly, it is proportional to N 1//d . The natural scale of the infrared cutoff of the wave 
function depends on the dynamics of the matrix models, which we do not discuss in the 
present paper. 

The integration over £ and y can be easily performed as 

J d w y d 16 £ f B (y,Q £T ww £ tr[A v , F pi/ \F pa 

= J d 10 y d w k e ik - y (C pu(k)k p + Cupik)^ + ( Pll (k)k„) tr[A a , F pa \F pv 

= -y I d w k f -jx~(( p , u (k)k p +(„ p (k)k p +(p^k)^ tr[A a ,F pa \F pu . (5.9) 
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Because of our choice of the wave function, ( pu (k) damps at small k. 

We therefore obtain the following effective action 

S ef f(A, x, -0; f B ) = S IKKT - i J d w kf pup (k)e lk ' x tr [A a , F pa ] F up , (5.10) 

where fnvp(k) 3 (kpCvp ~t~ k u (/ pp T kpQjiv )/ k~ . 

This effective action shows that the Chern-Simons-like term is induced by an effect 
of condensation of the antisymmetric tensor. This phenomenon is similar to the Myers 
effect ra, but there is a difference. In the case of the Myers effect for DO-branes, a cubic 
term of bosonic matrices is induced in the RR three-form background. This term can be 
interpreted as a vertex operator for the RR potential. In our case, however, the leading 
order of the induced term in eq. (I5TUD is different from the expected vertex operator for 
the charge conjugation of the antisymmetric tensor held ( 1 TM\ . Such a term appears at 
the next order in the 1/d expansion as shown in the next subsection. The reason can 
be understood as follows. If we also calculate the fermionic term containing 0, we would 
expect to obtain a term like tr (-0r M 0) F up and the leading order term in CT with this 
fermionic term would be cancelled by using the equation of motion Q of the original 
IKKT action. This kind of terms can not be seen in the vertex operators since we have 
assumed the equation of motion (D and (ESD in their construction. Here, since we are 
interested in investigating the effective actions under condensation of the antisymmetric 
tensor fields, we do not want to use the equations of motion of the original IKKT action 
and the term in (15.101) should not be omitted. 

Let us see an effect of the induced term in (I3~TU1) for a particular form of the polarization 
tensor. Assuming that the coefficient f d 10 kf tlup (k)e lkx is proportional to e l]k with a specific 
direction (i,j, k ) = (1, 2, 3) and that the region k ~ 0 is dominant in the ^-integration, the 
modified matrix model action becomes 

S ef f(A, x, 0; f B ) = Sjkkt ~ iae ijk tr [A u , F iv \ F jk , (5.11) 

with a constant coefficient a. This action has a fuzzy sphere classical solution; 

Ai = To^ Li ’ (z = 1,2,3) 

A a = 0, (for the other directions) 

0 = 0. (5.12) 

The radius of the fuzzy sphere is in inverse proportion to the coefficient a and in the 
a —> 0 limit the fuzzy sphere is expanded and becomes a flat plane. It contrasts with 
matrix models with the ordinary cubic Chern-Simons term (see, for example [2H]) where 
the radius of the fuzzy sphere is proportional to the coefficient of the Chern-Simons term. 

I 11 addition to the fuzzy sphere solution, flat D-branes 

[Ap, A v ] = i0 pv ljv (V = -Q vp ). (5.13) 

with a constant 9 pv are also classical solutions of the effective action (for an infinite N ). It 
will be interesting to compare stabilities of these solutions to the fuzzy sphere solution by 
calculating loop corrections around them. 
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5.2.2 Contribution at 0( 1/d 9 ) and B /Jiy vertex operator 

The induced term in the previous subsection vanishes if we use the equation of motion 
for the configuration A p . Then the next order 0{l/d 9 ) term becomes the leading order. 
From the dimensional analysis, it is expected that the vertex operator corresponding to 
the charge conjugation of the antisymmetric tensor field (EH) would appear at the order 
of 1/d 9 . 

Expanding the 0(X~ 7 ) term (15.611 with respect to 1/d, we obtain 0{l/d 9 ) terms 
2 d 

-pfi (£r MpCT £) tr (F pu F pa F u x + F pv F uX F po ) 

+^o (£ r pp<^) tr ([4/, F )«/] i d ■ A ) F pa + [ A u, Fpu] Fpa(d ■ A )). (5.14) 

The same order terms with 0{l/d 9 ) can be obtained also from eq. (14.1811 as 

- 12 ^j (fr^) tr (f^F^F^ - ^F^FpaFvp') 

-2^j (£T ppa £) tr {F pv F p<J F vX + F pu F uX F pa ). (5.15) 

Therefore the interaction terms between the mean-field D-instanton and the N x N block 
are given at this order by 

-12 Je tr (^FppF^F^ - ^F pv F pa F af }j 

+ Jo (£ r pp^) tr ([^> F uA ( d ' A ) F p° + [Avi F pA F pM ' ^)) • ( 5 - 16 ) 

The first line represents an interaction through the vertex operator for (the charge conju¬ 
gation of) the antisymmetric tensor field (12.2911 . The second term is similar to the ea. (15.811 
except for the insertion of d ■ A. By integrating over y p and £ with the wave function (15.51) . 
the following terms are added to the effective action, 

-i J d 10 kf pup (k)e ikx | - 3ik p tr ^F pa F aX F Xl , - ^F pu F aX F Xr ^j 

+ Jr ([A a , F pu \ (ik ■ A) F up + [A a , F pa ] F up (■ik • d)) |. (5.17) 

The first term represents a derivative coupling of D-instantons to the vertex operator of 
the antisymmetric tensor field. The second term can be combined with eq. (15TH into a 
form 

- * J d 10 kf pwp (k)e ikx Str e ik ' A [A a , F pa \ ■ F vp . (5.18) 

If we calculate higher order terms in the 1/d expansion, we would expect to obtain higher 
order terms of 'EEJ with respect to the number of bosonic fields A p . 
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5.3 Condensation of the graviton 

Effects of the condensation of gravitons can be seen from the fourth order terms of £. The 
term eq. dOUD vanishes by substituting £ for $ because of the identity for the Majorana- 
Weyl spinor, (£T M1 ,p£) Y vp ^ = 0. Therefore the leading contribution in the 1/d expansion 
comes from the A" -8 terms, eq. (14.211) by replacing $ with £ as, 

(fr^f) Tr (A) X„. (5.19) 

5.3.1 Contribution at C(l/d 8 ) and 0{l/d 9 ) 

Order 0(l/d % ) terms vanish 

^ (W (£W) tr F, v = 0, (5.20) 

since d x d a (£r vA p£) (^T ppr7 ^ is symmetric under an exchange of 
Similarly order 0(l/d 9 ) terms also vanish 

(£10 a P £) {^upaC) tr (d x F pv A a + d a F pv A x ) = 0. (5.21) 


5.3.2 Contribution at 0(l/d 10 ) 

Hence the leading order terms start from 0(l/d 10 ) terms. Contributions from the above 
X~ 8 term (HDD are given by 

2^0 (er^O tr F pv F pa + -^d x (£Tp p(T £) c>(£)tr F„ p F aX , (5.22) 


where c pu (£) = d p (£Tpy P £). The same order terms are also obtained from the X 10 terms 

(ET22jt as 


g^io (£IV a £) tr F pu F pa 2d i2 c ^Vtr F pu F av + 

9 3 

2^/12 c V’p Cua tr F pu F pa T 2 ^x^pcr (£Tpi/p£) tr Ffj.i/Ffjx. 

By using the following Fierz identity, 


3 

2di2 


C/ii/Cpo-tr F pi/ 


F p (j 

(5.23) 


CfivCpcr g \C(ii/C p c r T CppCou T G pa C ^ p ) 

g {dppGu\G Xa <Jjm<-'v\G X p fJupG'ii\G X a T 9urrGp X C Xp ) 

+ g [d^CAi/ (£Tp CTA £) d u c Xp (^Tpo-A'C) T d p c Xa (£Tp;,A£) d a c Xp (£Tpj,A£)] 

+ ^ (^0 (£>£) • (5.24) 
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the sum of these two terms, eqs. 1ET221) and (ET231) . can be simplified and depends on £ only 
in the form of as 



(5.25) 


It represents a derivative coupling of a single D-instanton to the graviton vertex operator 
constructed from the N D-instantons. If we insert the graviton wave function and integrate 
over the single D-instanton coordinates, we can obtain the graviton vertex operator as an 
induced term in the effective action. 

Similarly interactions mediated by the 4-th rank self-dual antisymmetric tensor field 
would appear, but such terms vanish in the leading order because of the cyclic property of 
the trace and the Jacobi identity, 



If we calculate higher order terms, we would expect to obtain the terms which can be 
produced by expanding the exponential in 



(5.27) 


6 Conclusion 

In this paper, we have considered fermionic backgrounds and condensation of supergravity 
fields in the IIB matrix model. We start from the type IIB matrix model in a flat back¬ 
ground with the size (N + 1) x (N + 1), namely a system of (N + 1) D-instantons. We 
then integrate one D-instanton (which we call a mean-held D-instanton) and obtain an 
effective action for N D-instantons by assuming particular forms of wave functions of the 
mean-held D-instanton. If we assume that the configurations of N D-instantons satisfy the 
equation of motion, we show that vertex operators obtained in our previous paper [TJ are 
induced in the effective action as leading contributions. If we do not assume it, extra terms 
also appear. In particular if we take the wave function as that of the antisymmetric tensor 
held, a Chern-Simons like term is induced in the leading order of perturbations. Though 
this term is quintic with respect to the held A^, a fuzzy sphere becomes a solution to the 
equation of motion. In this sense, this is a similar mechanism to the Myers effect. 

We have also given a stringy interpretation of the wave functions of the mean-held 
D-instanton as overlaps of the D-instanton boundary state with closed string massless 
states. The ordinary D-instanton only couples with the dilaton and the axion states. 
But since a D-instanton is a half-BPS state and breaks one half of the supersymmetries, 
we can obtain other states by acting broken supersymmetry generators on the ordinary 
D-instanton state. They couple to other supergravity helds through derivative couplings 
and form a supersymmetry multiplet in type IIB supergravity. We showed that the wave 
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functions are nothing but the overlaps of these D-instanton boundary states with massless 
closed string states. 

It is interesting to investigate effective actions under condensation of every massless 
closed string mode systematically, besides the charge conjugation of the antisymmetric 
tensor field and graviton we studied in this paper. Though it is expected from the analysis 
of the string theory side that each mode couples to the vertex operator of the N D-instanton 
system through an appropriate derivative coupling, other types of couplings like the quintic 
term derived here can also appear. We think that such studies clarify how the IIB matrix 
model contains dynamics of closed strings. 
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Appendix 


In this appendix, we briefly review the boundary states in the Green-Schwarz formalism 
of type IIB superstrings in the light-cone gauge. 

We first summarize our notations: 


• Space-time quantities (in (9 + l)-dimensions) 
Metric: 


Vn» = diag(-l,+l, • • • ,+l), (A.l) 

Gamma matrices (in Majorana representation): 

{P\ T"} = -2 rT, (A.2) 

r° = 0 - 2 ® 116 5 (A.3) 

r = io x ® 7*, (z — 1 . 2 . • • • , 8) (A.4) 

r 9 = icr 3 ® lie, (A.5) 

r 11 = r°r 1 -.-r 9 = -<T 1 ®(’ ^ , (a.6) 

7* = ( 3 A ) * iL = tL (A.7) 

\ Ida u J 

'iurL + iLrL = 2 ^, (a.8) 

fait + ~tHk = 2^i. (A.9) 

Spinors: 

o;,o“) T , (A.io) 
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Weyl spinors: 


r n 0 = 0 ==► 0= (e a ,e & ,-e a ,e & ) T . 9 
v ll e = -e =► 0= (0 a ,0 i ,0 a ,-0 d ) T , 


• World-sheet quantities 
Metric: 

Gamma matrices: 


Antisymmetric tensor e a/ k 


ifap = diag(- 1,+1) 


{p”,? 13 } = 

(>' - O', p 1 = ia\, 

e 01 = +1, 


(A.ll) 
(A.12) 


(A.13) 

(A.14) 
(A-15) 

(A.16) 


In the Green-Schwarz formalism, the IIB superstring theory is described by ten real 
bosons X^ (p — 0,1, • • • ,9) and two Majorana-Weyl fermions 9 A (A = 1, 2) with the same 
chirality Vu9 A = — 9 A . Here we take the light-cone gauge; 


T + 9 a = 0 


The light-cone components are defined as 


X ± = 


The explicit forms of T 1 * 1 are 


r + = 
r~ = 


o" 

e 

cT 

e 

t 

(A.17) 

> + T. 

(A.18) 

-L (r° ± r»), 

(A.19) 

4 =( x°±x 9 ). 

(A.20) 

(! i;)® 1 - 

(A.21) 

(“i 1 “i 1 )® 1 - 

(A.22) 


The world-sheet action in the light-cone gauge is given by 


S Lc . = d 2 a (d a X i d a X i - iS a p a d a S a ) 


= " 4 n ^ 


(■ d T X l ) 2 + (d^X 1 ) 2 - iS la {d T + d/j ) S la - iS 2a ( d T - d a ) S 2a 


(A.23) 
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where S Aa are proportional to 9 Aa ; S Aa oc \/p^9 Aa . The coordinates are expanded with 
respect to the Fourier modes as 


A* 

= x‘ + pV + -3 Y - (“»P"‘” (T "‘” + ay _i ” (T+ ‘”) , 

V ^ /n ^ 
n^O 

(A.24) 

S la 

b 

1 

T 

03 

« s 

CQ 

w- 

(A.25) 

^2a 

_ ga ^—in(r+a). 

(A.26) 


n 


Under the quantization, the mode operators satisfy the hermiticity conditions 

al = a-„, &l = (S“) f = St„, (§z)' = Sl n . 

Also the commutation relations among them are given by 

[x\p>} = i 8 13 , [a l m , a 3 n } = m 8 l 3 8 m+nfl , {a l m , a 3 n ] = m 8 lJ 8 m+nfi , 

f na Qb\ s:a 6 c f Q a Q^\ ra&r 

^nJ 0 Om+n, 0? l^nu 0 Om+n, 0- 


(A.27) 


(A.28) 
(A.29) 


The action (IA.23D has the J\f = 2 supersymmetry consisting of the kinematical SUSY 


8S Aa = y/2p+e Aa , (A.30) 

8X i = 0, (A.31) 

and the dynamical SUSY 

5S'“ = -j=(d T -d„)X'Y^'\ (A.32) 

ss 2 ° = -3= (d T + a„) A'SLf 24 , (a.33) 

SX i = --^=e A SLS A ‘. (AM) 


These transformations are generated by the following supercharges 


Q la = 
Q 2a = 
Q lh = 

Q 2h = 


-2it 


da 

2tt 


\/2p+S la = y/2^S$, 


r>27T 1 

— V2^S 2 “ = v/^SS, 


-2tt 


2 tt 

da 1 
L 2 vr Vp+ 

r 2 * da 1 

L 27r Vp+ 


(A.35) 


(A.36) 


(dr - d a ) X ir )\ a S la 

(d r + d a )x i Y, a s 2a 


(p's; + ^T.< s -n I .< A - 37 ) 

(p's; + V2 


nj^O 


27T y 


,(A.38) 
















which satisfy the algebra 


with 


{Q Aa ,Q Bb } = 2 \p + 5 AB 8 ab , 
{Q m ,Q lb } = 2 P~5, bl 
{Q 2 \Q 2b } = 2 P-Srt, 
{Q A \Q m } = V2~t < ai p‘S AB , 


P~ 

P~ 


1 

p+ 


p']f 

~Y 


+ v („st n s‘ + a‘_ n a-„) 

n/0 




l 

p+ 


p i pi 

~Y 


+ E { n S-„Sl + ai n ai) 

n^O 


(A.39) 
(A.40) 
(A.41) 
(A.42) 


(A.43) 
(A.44) 


A boundary state is usually defined by a set of the boundary conditions on a constant 
r surface: 


[{d T ~ d a )X i - M i3 {d T + d a )Xi] | B, V ) = 0, (A.45) 

Q?\B,v) = {Q la + *vM ab Q 2b ) \B, V ) = 0 , (A.46) 

Q+“\B, V ) = (Q u + i V M. h Q 2i> ) \B, V ) = 0, (A.47) 


where 77 is a parameter (■ rj 2 = 1), and My is an element of SO{ 8 ). For the Neumann 
directions My = —8 tJ and for the Dirichlet directions My = 5y. M ab and are deter¬ 
mined by consistency requirements as follows. Taking the surface r = 0, the conditions 
(IA.45D - (IA.47I) are written in terms of the mode operators as 


{p i ~ Mijpj) \B, rf) = 0, 

(«n - I B,7)) = 0, 

f.S" - \B,tj) — 0, 


7 L P%‘ + ivM.i.iJS + V^E (yL< S -n + 


n^O 


\B,v) 


(A.48) 
(A.49) 
(A.50) 

0 . 

(A.51) 


Let us determine M ab and . From {Q +a , Q +b }\B, rf) = 0, we find 

M ac M bc = S ab , (A.52) 

meaning that M ab is an orthogonal matrix. Next, {Q +a , Q +a }\Byf) = 0 leads to 

( 7 \B,n) = 0. (A.53) 
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Comparing this with (IA.48j) . we have 

7ad M ij ~ = 0. 

The consistency between eq. ()A.45|) and eq. (IA.47H requires 

(faa S n + ^ M P M df»7^-n) \ B , V) = 0 for n ± 0, 

by using flA.541) . which are rewritten as 

7 L (Sn + ir]M ah S b _ n ) j B, rj) = 0 for n ± 0. 


(A.54) 
(A.55) 


(A.56) 


Since M t] is an element of SO{ 8 ), it can be written as M l3 = (e QklT,kl J with (T, kl ) 

\ ) ij 


S k S l - — 8\5 k being generators of 50(8). Ea. ([A.54[) can be solved in terms of as 


M ab = 


M, b = 

(e* n ^ W ) 

7aa7db) i 

~ij 

U = 


ab 


ab 


where ^ 

7 ab = 2 (7ad7ife - 7ad7 lb) , 72=2 

The boundary state | B,rj) can be expressed in the form 

| B,rj) = e^ n >°^ Mija -" & -"- irtMabS - n §b -n) \b 0j r]) 
with the zero-mode part 

\Bo,v) = C (Mij\i)\j) - ir)Mja}\b )) . 

C is a normalization constant, and the ground states |f) and |a) are defined by 

«nN) = S$\i) = a l n \a) = 5“|a) = 0, (for n > 0), 

5o|i> = %A>, SSI*> = % <>• 

Broken supercharges are given by 

)—a /ol cl 


Q~ a = Q 

-\—a — /Ola, 


iriM ab Q 2b , 

«r = Q la -ivM ib Q 2 \ 

and the algebra of broken and unbroken supercharges becomes 

{Qf,Q?} = v^ 7 ii (p‘ + ) , 

wfteyt = V2 7 i, ( P < + M,y) , 
wAqA = 2(p- + p-fe = 2 pj^, 

and the other anticommutators vanish. 


(A.57) 
(A.58) 

(A.59) 

(A.60) 

(A.61) 

(A.62) 
(A.63) 

(A.64) 
(A.65) 

(A. 66 ) 
(A.67) 
(A. 68 ) 
(A.69) 
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